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Abstract In this paper we propose two schemes for quantum information splitting via tri-
partite entangled states. Explicit protocols for the quantum information splitting of a single
qubit state and an arbitrary two-qubit entangled state are illustrated. We also consider the
security against certain eavesdropping attacks. Moreover, a generalization of the scheme to
multi-particle case is also outlined.
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1 Introduction

Quantum communication plays a significant role in the ongoing field of information theory.
It is well known that novel phenomena including quantum teleportation [1], quantum dense
coding [2], quantum key distribution [3], quantum secret sharing [4], and so on. Teleporta-
tion is a technique for transfer of information between parties, using a distributed entangled
state and a classical communication channel. In classical secret sharing [5], a secret message
can be distributed among N users in such a way that, only by combining their pieces of in-
formation can the N users recover the secret message. In quantum secret sharing (QSS) the
owner who possesses and wishes to transmit the secret information splits it among various
parties such that the original information can only be reconstructed by a specific subset of
the parties. The quantum version of secret sharing cannot only provide absolute security, but
also likely play a key role in protecting secret quantum information.

Hillery et al. [4] have described a procedure for realizing quantum secret sharing by using
multiparticle maximally entangled states, e.g., three-particle and four-particle Greenberger-
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Horne-Zeilinger (GHZ) states [6]. Karlsson et al. [7] and Cleve et al. [8] have proposed dif-
ferent schemes for QSS which require the particle carrying the quantum information be first
entangled with the other particles to share the information. Since then, many QSS schemes
were presented [9-16]. Recently, Lance et al. [17] proposed a scheme for QSS of quantum
information, called as the quantum state sharing (QSTS), where the secret is an unknown
quantum state, to differentiate from the QSS of classical information. QSTS is also usually
named as quantum information splitting (QIS), and various kinds of QIS (or QSTS) schemes
have been presented [18-28].

Quantum entanglement is one of the most striking feature of quantum mechanics. Also
multipartite entanglement is a very important physical resource in quantum information
processing. So far, tripartite entanglement has been well studied theoretically and experi-
mentally [29—40]. In this paper, we present a scheme for splitting quantum information using
a three-qubit entangled state as quantum channel. Explicit protocols for quantum informa-
tion splitting (QIS) of single- and two-qubit state will be illustrated. Finally, the scheme is
generalized to tripartite QIS of an arbitrary N-particle state via N tripartite entangled state.

2 QIS of a Single-Particle State via a Tripartite Entangled State
We assume that Alice possesses a qubit, which is in an unknown state
lp)r =al0); + BI1):. ey
Alice, Bob, and Charlie share a tripartite entangled state [41, 42]
)24 = %(|000> +[110) +[101) + [011))35. 2)
The state of the whole system is

[¥) 1230 = |9)1 ® [P)234

1
= E(am)l + A11)1)(1000) 4 [110) + [101) + [011))234. 3

Firstly, Alice performs a joint measurement on her two particles 1 and 2 with respect to Bell
states,

1 1
|05) 12 = 7100 =1, W)= 70D E 10D, @
the particles held by Bob and Charlie collapse onto one of the following entangled states
1
2(PF|W) 1234 = 7[“000) + 11)34 + B(110) + [01))34], Q)]
12(P7 ¥ ) 1234 = f[a(IOO [11))34 — B(110) +101))34], (6)
(W) 103 = —= «/— [a(]10) + 101))34 + B(|00) + [11))34], @)
12(¥ 7 W) io3e = «/— [a(]10) + [01))34 — B(|00) + [11))34]. 3
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Table 1 Relation between the

local unitary operations and the Mz M3 )4 Ue
measurement results. Mo
denotes the result of 10)3 «|0) + B|1) Uo
measurement on particles 1 and2 19712

P 11)3 all) + B10) U
performed by Alice, M3 denotes 0 0 1 U
measurement results on particle 3 |&™) 10)3 «[0) — AIT) 1
performed by Bob, |¢)4 denotes 12 [1)3 a|l) — B10) Us
the collapsed state of qubit 4 after . |0)3 a|1) + B10) Uy
Bob’s single-particle T2
measurement, U, (¢ =0, 1,2,3) )3 «l0) + A1) Yo
denotes Charlie’s unitary 10)3 all) — B|0) Us

) )

operation on particle 4

)3 a|0) — 8|1 Uy

After the Bell-state measurement of the particles 1 and 2, the quantum information is trans-
ferred to the entangled state which is shared between Bob and Charlie due to the entangle-
ment swapping. The distribution of quantum information is completed.

We can see that neither Bob nor Charlie can recover the state |¢); by any general oper-
ations on their respective sides without communicating between themselves. In order to get
the information, they must cooperate and only one of them can possess the final qubit for the
no-cloning theorem [4]. Without loss of generality, we assume Alice obtains the state |® 1),
after her Bell-state measurement and then she publicly announces the measurement result.
Now the entangled state that Bob and Charlie share can be written as following according
to (5)

1
|p)34 = ﬁ[a(mm + [11))34 + B(110) + [01))34]

1
= 7 110)3(|0) + B1))a + [1s(e[1) + B10)4]. €))

Suppose Alice assigns Charlie to reconstruct the state. If Bob agrees to help Charlie obtain
the original state, he should perform a single particle measurement on his qubit 3 and an-
nounces his measurement result. If Bob’s measurement result is |0)3, then Charlie’s qubit
4 is collapsed into the state «|0)4 + B|1)4. This state is exactly the original state |¢) and
Charlie needs to do nothing. While Bob’s measurement result is |1)3, the qubit 4 is pro-
jected onto «|1)4 + B]0)4, then Charlie can reconstruct the original state on his qubit 4 by
performing an unitary operation U, = |0)(1| 4 |1) (0|, which is one of the unitary operations
{U;}(i=0,1,2,3)

Uo =10)(01 + [1)(1], Uy = 10)(0] — [1)(L],
Uy = |0)(1] + [1)(0], Us = 0)(1] = [1){0l.

(10)

Thus Charlie can reconstruct the state |¢)4 with the help of Bob. For the other cases, the
relation between the result of the measurements done by Alice and Bob and the local unitary
operations with which Charlie reconstructs the unknown quantum information |¢); is shown
in Table 1.

Let us now discuss the security of this scheme in the following. Suppose there is an
eavesdropper (say Eve) who wants to gain the quantum information transmitted by Alice
by entangling an ancilla with the quantum channel during the particle distribution process.
Assume all the three participants are unaware of this attack by Eve; then after Alice makes
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a Bell measurement, the combined state of Bob, Charlie, and Eve collapses into a three-
partite entangled state. However, after Bob performs the single-particle measurement, the
Charlie-Eve system collapses into a product state, leaving Eve with no information about
the unknown qubit. To see this scenario more explicitly, let us assume that Eve has managed
to entangle an ancilla |0)s to the qubit of the entangled channel. If Alice performs a mea-
surement in the first basis |®7),, then the combined state of Bob, Charlie, and Eve is as
following

(|000) + [110))345 + B(]100) + |010))34s. an

If Bob performs a measurement in the basis |0)3, then the Charlie-Eve system collapses onto
(x|0)4 + B11)4)|0)s. Hence, Eve’s state is unaltered, leaving no chance for her to gain any
information about the unknown qubit state, due to the fact that entanglement is monoga-
mous [43].

In another case, we assume one of users (say, Charlie) is dishonest and he will cooperate
with Eve or he is Eve himself. He can capture the channel-qubit which Alice sends to Bob
and then sends Bob a qubit he has prepared before. In this way, only when Alice designates
Charlie to obtain the state, he can eavesdrop the state and his cheating will go undetected. If
Alice designates not Charlie but Bob to reconstruct the state, then Charlie’s eavesdropping
behavior can be detected. Because Charlie does not know Alice’s measurement outcome
and therefore the qubit that he sends to Bob is not in the correct quantum state. So the state
reconstructed by Bob will differ from the state Alice has sent. When Alice and Bob compare
a small part of the states publicly, the eavesdropping will be discovered.

3 QIS of an Arbitrary Two-Particle Entangled State via Two Tripartite Entangled
States

Suppose that the unknown arbitrary two-particle state belongs to Alice which described as

|9)12 = |00)12 + B[01)12 + ¥ [10)12 + 8[11) 12, (12)

where 1 and 2 are the two particles in the state |¢)12, and ||> + |8]> + |y|* + 16]> = 1.
Alice, Bob and Charlie share two tripartite entangled states [¢)4,5,c, and |¢)4,5,c, Which are
described as following

1
|)arpie = 7 (1000) + [110) 4 [101) 4 [011))ayp1c1» 13)

1
|®)azpre; = 5 (1000) + [110) + [101) + [011))aypscy (14)

here Alice possesses particles a; and a,, Bob possesses particles b, and b,, and particles
c; and ¢, belong to Charlie. The state of the composite quantum system composed of eight
particles is

[¥) =190)12 @ |P)aibie) B [P)azbcs - 15)

Now let Alice perform the Bell-state measurements on the particles 1 and a;, particles 2
and a,, respectively. Without loss of generality, we suppose Alice’s Bell-state measurement
results on particles 1 and ay, 2 and a, are all in the state |@7), i.e., |@ 1)1, = [P T)2y, =
% (J00) + |11)). Then the remained four particles will collapse onto the state |¥),
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W) = 20, (@ 1) (@7 1¥)

1
= g[a(IOOOO) +10011) 4-[1100) 4 |1111))

+ B(|0010) 4 ]0001) + [1110) + [1101))
+ (11000) + |1011) 4 [0100) + [0111))
+8(|1010) + [1001) 4 [0110) + [0101)) 5, ¢, pyey - (16)

From (16), we can see that after twice Bell-state measurement performed by Alice the quan-
tum information has been transferred to Bob and Charlie successfully via entanglement
swapping. If Bob would like to help Charlie, he should make twice single-particle mea-
surements on particles b; and b,, respectively. After above measurements, Bob sends the
measurement results to Charlie via a classical channel. Since |¥), can be rewritten as

1
V), = g[lo)h1 [0)6, (|00) 4 BI01) + ¥ [10) + 8|11)),c,

+10)p, [1)5, (@|01) + B|00) + ¥ [11) +8[10))c;c,
+ [1)6,10)5, (@[10) + B[11) 4 y[00) +8]01))c,c,
+ (1o, 11)p, (@|11) + B[10) 4 y[01) + 8[00))¢;c, ], a7

it is clear that, for instance, if Bob gets the result of |0),, and |1),,, then particles ¢; and
¢ will collapse onto the state [¢).,, = («]|01) 4+ B]00) + y[11) + §]|10)).,,. According to
Bob’s measurement results, Charlie should perform the unitary operations Uy on the particle
¢y and U, on the particle c;, respectively, he will obtain the unknown arbitrary two-particle
state [@)¢,c, = |00)¢,c, + Bl01)c e, + ¥ [10)¢,c, + 8[11)¢,c,. Thus Charlie has reconstructed
the original state of particles 1 and 2 on particles ¢; and ¢, with the help of Bob. For the
other case, the relation of measurement results performed by Alice on the particles (1, a;)
and (2, a,), single-qubit measurement results of Bob and the unitary operation performed
by Charlie is shown in Table 2. There are total of 64 kinds.

Let us consider the security of this scheme against an eavesdropper Eve. Assume that
Eve has been able to entangle an ancilla with the quantum channel. After Alice performs
the measurement, if Bob performs a Bell-state measurement on his qubit, the Charlie-Eve
system collapses into a product state, leaving the unknown qubit information with Charlie.
On the other hand, similar to the case of quantum information splitting of one qubit, if Alice
designates one of the users Bob (Charlie) to obtain the state, the other user Charlie (Bob)
can not get the state without being detected. So our scheme is secure against eavesdropping
and cheating.

4 QIS of an Arbitrary N-particle Entangled State via N Tripartite Entangled States

We could now generalize our scheme to the N-particle case (N > 2). Suppose that Alice has
an arbitrary unknown N-qubit entangled secret state that she will send to Bob and Charlie.
The original entangled state of an N-particle can be written as following

Whoen= >, Cipuiyliviz.....iy), (18)

i1aineenin €{0,1}
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Table 2 The relation between the local unitary operations and the measurement results. MR denotes Al-
ice’s Bell-state measurement results on her particles (1, a1) and (2, ay), |i)p, 1j}p, (i, j =0, 1) denotes Bob’s
single-particle measurement results, and U¢; ® Uc, (c1, ¢ =0, 1,2, 3) denotes the unitary operations per-
formed by Charlie

MR 10)5, 10}, 10)p, 11}, 115,10}, )b, 11,
[©F) 14,19 )24, Uo® Uy Up ® Us U2® U U, ® Uy
[©F) 14y 197 )24, Up ® Uy Up ® Us U ® Uy U2 ®Us
[DF) 14y 1% T )2g, Up ® Uz Up ® Up U ® Uy U2® U
1DF) 14y 197 )24, Up®Us Up®Uj U,®Us U,®U;
12714, 12T ) 20, Ui ®Ug U1®U, U, ® U, U3 ® U
[P )14y 1P )24,y U1l U1 ®Us U3 @U; U3 ®Us
D7) 10y 19 )24, U1 ®@Uy U@ Uy U3 ®@Up U, ®U;
[P )14y 1P )24,y U1 ®Us U1l U3 ®@Us Uz ®U;
&) 10, 12T )24, U, ® U Uy ® U Uo ® Uy Up® Uy
&) 10,127 )2, U, ®U| U ®U3 Up® U Up ® U3
1) 10, 19 )2a, Uy ® Uy Uy ® Up Up ® Uy Up ® Up
1) 10, 1¥ )24, U ® U3 Uy ® Uy Up ® Us Up ® Uy
1) 1ay 12T )24, U,®U U3 ®Up U1® U U1®U;
¥ ) 1ay 19 2a, Us®U; U3®U3 U1®U U1®Us
1) 10y 19 )24, U3 ® Ug U, ® U Ui®U, Ui ® U
¥ ay ¥ )24, U3 @Us Uz U Ui®Us Ui oU;

where Ziliz-uiNe{O,l} |C,~],»2.4.,«N|2 = 1. Alice, Bob and Charlie share N tripartite entangled
states |¢)a;p,c; (j=1,2,...,N)

1
[9)ajb,e; = 5(1000) + 1110} +101) +1011))q . (19)

and Alice, Bob and Charlie hold particles a;, b; and c;, respectively. The state of the whole
system can be written as

|lI/> = W) I,2....,N|¢>a1blcl |¢>a2b2¢:2 T |¢>11NbNCN' (20)

Alice makes N Bell-state measurements on her qubit pairs {1, a;}, {2, a2}, ..., {N,an}, and
publicly announces her measurement results. After these measurements, the remaining par-
ticles by, by, ...,by; c1,ca, ..., cy are projected onto a 2N-partite entangled state which
contains full information of the Alice’s original quantum entangled state.

Suppose Alice assigns Charlie to reconstruct her original state, and asks Bob to per-
form the single-particle measurements on the particle by, by, ..., by, respectively, and
then publicly announces his measurement results. As a consequence, Charlie’s N qubits

c1, €2, ..., cy will collapse into the state [1)c,¢,...y Which is given by

Merereey = D Fnigeinlits iz, iN)eyeyeen s @1

i1.igs iy €{0,1}

the coefficients f; ;,..;, was determined by Alice’s and Bob’s measurement results. In ac-
cord with Alice’s and Bob’s measurement results by their public announcement, Charlie can
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_..n by applying the appropriate unitary oper-
ations on the each qubit ¢y, ¢, ..., cy. The security of the arbitrary multi-particle entangled
state sharing scheme is the same as the single-and two- qubit case. An eavesdropper can be
detected by publicly comparing a subset of the quantum state.

5 Conclusion

In conclusion, we have proposed two schemes for splitting quantum information of single-
and two-qubit state by using tripartite entangled states as quantum channels, quantum infor-
mation can be successfully recovered by two recipients provided that they cooperate with
each other. Furthermore, the schemes can be generalized for splitting of an N-qubit quan-
tum information. The schemes considered are secure against certain types of eavesdropping
attacks.
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